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Abstract: The successive approximations (or Neumann iterations) method for the solution of Fredholm integral 
equations of the second kind is applied here for the first time, after an appropriate modification, to a Cauchy-type 
singular integral equation of the first kind, the airfoil equation. The convergence of the method is investigated and 
three simple applications are made. The numerical implementation of the method (by using Gaussian quadrature 
rules) is also described in detail and numerical results verifying the accuracy and convergence of the method are 
displayed. 
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1. Introduction 
The successive approximations (or Neumann iterations) method is one of the first methods for 
the solution of Fredholm integral equations of the second kind [l, pp.32-361, [2, pp.33-35, 4221 
of the form 
g(x) + j--tK(x> y)g(y) dy =f(x), -1 G x G 1, 0) 
where g(x) is the unknown function, K( x, y) the kernel and f(x) the right-hand side function. 
The aforementioned method consists in approximating g(x) by using the iterative scheme 
g,+,(x) =f(x) - j-+x, Y)&(Y) dY (2) 
with 
g,(x) = 0. (3) 
The convergence of the method was also completely investigated; in order that 
lim ]) 6, I] = 0, (4) n+oo 
where the uniform norm is used throughout and S,(x) is defined by [2, p. 351 
6,(x) = g(x) - g,(x), (5) 
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it is sufficient that 
II~II (1, (6) 
where the uniform norm of the operator y corresponding to the kernel K( x, y) is defined in [2, 
p.221. Although it is claimed [2, p.4221 that the successive approximations method, as this was 
described above, is not appropriate for numerical computations, yet this method has been 
extensively used both in theoretical investigations and in real numerical computations and it is a 
classical method for the solution of Fredholm integral equations of the second kind. 
To this author’s best knowledge, the successive approximations method has never been applied 
to the direct solution of Cauchy-type singular integral equations. Here we will apply this method 
to a very simple Cauchy-type singular integral equation (of course, after a proper modification of 
the method), the airfoil equation [9, pp.173-1851, [3, p.8411 
This is a classical equation, appearing in the theory of airfoils in fluid mechanics and possessing 
a closed-form solution [3, p. 8411 (in-which one is only generally interested) 
g(x) = - +Jl,i E)1’2$+dt. 
The contents of the present paper are an addition to the extensive literature devoted to this 
equation. Yet, the present results can be generalized to apply to few more classes of Cauchy-type 
singular integral and integrodifferential equations. 
Of course, the aim of this paper is not to give one more method for the solution of the airfoil 
equation; it is to show that a modification of the successive approximations method can be 
applied to the direct solution of Cauchy-type singular integral equations. Up to now only one 
direct iterative method for the numerical solution of a class of Cauchy-type singular integral 
equations with index equal to 1 (contrary to the airfoil equation (7), the index of which is 0) is 
available [6]. This method is somewhat more complicated than the method to be described here 
and it is based on the Gauss and Lobatto-Chebyshev quadrature rules. On the other hand, it is 
always possible to apply an iterative method to the solution of a Cauchy-type singular integral 
equation after transforming it (by a regularization procedure) to a Fredholm integral equation of 
the second kind. This procedure is described in [5] for Cauchy-type singular integral equations of 
the first kind and index equal to 1. Clearly, the results of [5] can be generalized to apply to more 
complicated cases, but to simpler cases too like the airfoil equation (7). 
2. The method 
For the direct solution of the airfoil equation (7) by the successive approximations method, we 
rewrite it as 
We take further into account that 
(10) 
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and we obtain 
g(x) = -f(x) + +/l,(+f$‘2 ‘@i 1 fcx) dt. (11) 
This Cauchy-type singular integral equation is somewhat similar to the Fredholm integral 
equation of the second kind (1). We apply to it the successive approximations method, taking 
again into account (lo), and we obtain the iterative scheme 
gn+dx) = g,(x) -f(x) + ;j--l(E j”‘f+dt (12) 
with g,(x) defined by (3). Equation (12) defines the suggested successive approximations 
method for the direct solution of the airfoil equation. 
By using the function S,(x), defined by (5), to denote the difference between the true solution 
g(x) of (7) and its approximate solution g,(x), we obtain by a comparison of (7) and (12) 
and, furthermore, because of (lo), 
6,+1(x) = ;/‘,( k i’” ‘n(r)t 1 2(x) dt. (1W 
At this point we have to assume that f(x) possesses derivatives of all orders. Then the same 
happens for g(x) and its approximations g,(x) and, clearly, for S,(x) too. Then (13b) can be 
written as 
From this equation it is directly concluded that 
since, as is well known, 
+]],[G)1’2 dt = 1. 
Now, by rewriting (13b) with n - 1 instead of n, that is 
and differentiating this equation with respect-to x, we obtain 
since, if 
g(t 
3 
x) = w -cd 
t-x ) 
t # x, g(t, x)=8’(x), t=x, 
05) 
(16) 
(18) 
(19) 
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then [4] 
g;P’(t, X) = - l C+l)@), 
P+l 
@(t, x), p=l,L..., (20) 
where giP’(t, x) denotes the pth derivative of g( t, x) with respect to x. Now, by taking into 
account (16) we obtain directly from (18) 
Ijs,cl)II G ://@,I[. (21a) 
Working exactly as previously (by using again (13b), but with n - 2 instead of n, by 
differentiating the resulting equation twice with respect to x and by taking into account (16) and 
(20)), we obtain 
IIs,“‘,l~ d ;lI@?,l/. (21b) 
Following the same procedure, we find successively 
(Is,“‘,II 4 :lI~J!Jl, .“, (21c) 
(214 e) 
By multiplying (15) and (21) and using the number n instead of n + 1, we find 
IlM &J@“‘$ n=l,2 ,... . (22) 
By taking into account (3) and (5), we can rewrite (22) as 
II 8, II G ; II 8”’ II > n=l,2,... . (23) 
From this equation it is concluded that the above-described successive approximations method 
does not converge always, but it does converge in several cases where f(x) possesses derivatives 
of all orders (like in the case of polynomials). Evidently, we obtain directly from (8) 
since 
Therefore, we conclude from (24) in a way analogous to that used previously that 
II g’“’ II =G IIP) II + & II f@+l) II 
(25) 
(26) 
since 
+/‘r[E j”’ dt = 1. 
By combining (23) and (26) we see that 
(27) 
II & II G $ II f’“’ II + (& IIp+l) II, n=l,2 ,... . (28) 
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Hence, if 
lim ($ II f’“’ II) = 09 (29) n+oO . 
the successive approximations method for the direct solution of the airfoil equation converges. 
This is the case, for example, if f(x) is a polynomial or one of the functions sin, cos, exp, sinh 
and cash. Of course, in general we cannot claim in advance that (4) holds true. 
3. Applications 
We will illustrate the effectiveness of the successive approximations method for the direct 
solution of the airfoil equation (7), by applying it to some simple cases of this equation. 
We consider at first the simple case where 
f(x) = 1. (30) 
This is the classical case of the airfoil equation. By taking into account (3) and (10) and using 
(12), we obtain 
or 
in 
‘d-4 = 0, g,(x)= -1, p=l,2 )...) (31) 
since 
g(x) = -1, (32) 
this special case 
6,(x) = -1, 6,(x)=0, p=l,2 )... . (33) 
We observe that just one iteration was sufficient in this simple case for the determination of the 
exact solution of (7). Furthermore, we easily see the validity of (23) and (28) in this simple case. 
Before proceeding to two more complicated cases of the airfoil equation, we have to mention 
the properties of the airfoil polynomials (which are just special cases of the Jacobi polynomials) 
[3, p.8471, defined by 
x,(x) = cos[(n + +)e]/cos(@), G,(x) = sin[(n + +)0]/sin(+B), (34) 
where 
x=cos 8, 
and having the properties [3, p.8471 
(35) 
The first airfoil polynomials are the following 
x0(x) = 1, Xl(X) = -1+ 2x, x2(x) =4x2 - 2x - 1, 
+GJ(x> = 1, #r(x) = 1+ 2x, I//,(x) =4x2 + 2x - 1. 
Clearly, (10) and (25) are just a special case of (36) (with n = 0). 
(37a) 
(37b) 
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As a second application, we consider the case when 
f(x) =x. 
In this case, we obtain from (3) and (12), taking also into account (36), 
go(x) = 07 g,(x) = -x, g,(x)= -x-l, p=2,3 )...) 
whereas 
g(x) = -x - 1 
as results from (8). Hence, 
S,(x) = -x - 1, 6,(x) = -1, 6,(x)=0, p=2,3 ,.‘. . 
The validity of (23) and (28) is obvious in this case too. 
As a final application, we consider the case where 
f(x) = -x2(x) = -4x2+2x + 1. 
Then we obtain from (8) and (36) 
g(x) = I/J,(x) = 4x2 + 2x - 1. 
On the other hand, by taking into account (3) and using (12), we find 
go(x) = 0, gr(x) =x2(x) = 4x2 - 2x - 1, g2(x) =4x2 + 2x - 5, 
g,(x)=~,(x)=4x2+2x-1, p=3,4 ,... . 
Therefore, 
(38) 
(39) 
(40) 
(41) 
(42) 
(43) 
(44) 
6,(x) =4x2 + 2x - 1, S,(x) =4x, 62(x) = 4, 6,(x)=0, p=3,4 ,... . 
(45) 
We can also directly verify once more the validity of (23) and (28). 
4. Implementation 
For the numerical application of the proposed successive approximations method, we have to 
approximate the integral in (11) (or (12)) by using an appropriate quadrature rule. The most 
natural selections are the following Gaussian quadrature rules for regular integrals [8, pp. 383, 
3961 
h(t) dt = ; Aimh(ti,), t;, = COS(iT/rn), i = l(l)m, 
i=l 
Y,(Z)‘” h(t) dt = 2 B,w,h(xk,), xkm = cos[(k - OS)q'm], 
k=l 
(464 
B km = (1 - x,&m, k = l(l)m. Wb) 
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By applying these rules to our fundamental equation 
g,+l(x) = -f(x) + ;/;l( E)1’2 “‘(‘)lI Fcx) dt 
(resulting from (11) exactly as (12)), we find 
gn+l(Xkm) = _f(Xk,) + 5 Aim‘+) I 2Ykm’ ) k = l(l)m, 
i=l 
lTn+lCtim) = -fCtim) + I? B/cm 
P&k,:,- in, 
Xkm - ‘im 
2 
i = qqm 
> 
k=l 
(47) 
(484 
ww 
where &(x) denotes an approximation to g,(x) due to the omission of the error terms in the 
quadrature rules (46). 
Of course, it is also possible to use directly (12) instead of (47) applying to the integral of this 
equation the quadrature rules for Cauchy-type principal value integrals corresponding to (46) [7]. 
Then we find 
t?n+dXkm) = g,(Xkm) -dXkm) + ii &I rg”(tzkL 3 k = l(l)m, (49a) 
i=l rm 
&+,(tim) = &(t,,) -f(ti,) + f B,,,, gn(xkm) , i = l(l)(Wl - 1). 
k=l Xkm - tim 
For i = m, ti, = - 1 (as is clear from (46a)) coinciding with an end-point of the integration 
interval [ - 1, l] and (49b) does not hold true. ((48b) should be used in this case.) 
Applying (48) with g”,(x) = 0, (3), we obtain &+,(y,,) at the nodes 
JQm = cos[ j7/(2m)] ) j = 1(1)2m. (50) 
If max i<j<*rn I gn+l(Y,rn) -gn(Yjm) I d oes not exceed an acceptable error E, then we do not 
proceed to further iterations in (48) and we adopt the numerical values of gn+l(yj,) as good 
approximations to g( y,,). Next, we can use the Lagrangian polynomial interpolation formula for 
the estimation of S,, 1 (x) along the whole interval [ - 1, 11. Alternatively, the relevant natural 
interpolation formula [7, p. 831 can be used. At this point it can be added that if ] &,+l( y,,) - 
&(y,,) ] + 0 as n + CO, then, as is clear from (49a), S;,( t,,) -+ g( tim), where g”(t,,) satisfy the 
system of linear equations 
lTCtim) 
lrn t;, - Xkm 
=_f(X&), k = l(l)? 
i=l 
(51) 
obtained in [7] by the direct quadrature method for the numerical solution of the airfoil equation. 
This means that the present numerical implementation of the successive approximations method 
for the airfoil equation can be considered equivalently as an iterative algorithm for the numerical 
solution of the system of linear equations (51). Finally, clearly, increasing values of the number 
of nodes m in the quadrature rules used permit the convergence of the iterative algorithm 
described by (48) to more accurate numerical results because of the reduced influence of 
quadrature errors. 
For a numerical application of the previous results, we assumed that 
f(x) = -ex (52) 
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Table 1 
Numerical results for 2,(-l), obtained by using (48) with m = 2(1)5 in the case when f(x) = -ex 
n m=2 m=3 m=4 m=5 
1 0.367879 0.367879 0.367979 0.367879 
2 0.875133 0.871540 0.871507 0.871507 
3 1.124867 1.142699 1.143000 1.143002 
4 1.260592 1.237542 1.236519 1.236508 
5 1.260592 1.258722 1.260277 1.260310 
6 1.260592 1.266021 1.265179 1.265125 
7 1.260592 1.266021 1.265886 1.265932 
8 1.260592 1.266021 1.266066 1.266051 
9 1.260592 1.266021 1.266066 1.266063 
>lO 1.260592 1.266021 1.266066 1.266066 
(always with &o(x) = 0). In Table 1 we present the obtained numerical results for m = 2(1)5 by 
the above-described algorithm for x = - 1. These numerical results show the rapid convergence 
of this algorithm both for increasing values of n (for a constant value of m) and for increasing 
values of m (as n + cc) as was expected. It is also observed that for all values of m these 
numerical results converge (for increasing values of n) to the numerical results obtained in [7] 
from the direct solution of the system of linear equations (51). 
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